COMPUTING a-INVARIANTS OF SINGULAR DEL PEZZO SURFACES 



IVAN CHELTSOV AND DIMITRA KOSTA 



Abstract. We prove new local inequality for divisors on surfaces and utilize it to compute 
a-invariants of singular del Pezzo surfaces, which implies that del Pezzo surfaces of degree one 
(N. whose singular points are of type Ai, A2, A3, A4, A5 or Ag are Kahler-Einstein. 

o 

We assume that all varieties are projective, normal, and denned over C. 

1. Introduction 

Let X be a Fano variety with at most quotient singularities (a Fano orbifold). 

Theorem 1.1 (|37j). If dim(X) = 2 and X is smooth, then 

the surface X is Kahler-Einstein the group Aut(X) is reductive. 

An important role in the proof of Theorem 11.11 is played by several holomorphic invariants 
which are now known as a-invariants. Let us describe their algebraic counterparts. 
Let D be an effective Q-divisor on the variety X. Then the number 

c(X, D) = sup< e G Q the log pair [X, eD) is log canonical > G Q U { + oo}. 

cn ■ 

J> ■ is called the log canonical threshold of the divisor D (see |21| Definition 8.1]). Put 

m ' 

o 
o 



- 1—1 

X 



lct n (X) 




B is a divisor in — nKx 



for every n G N. For small n, the number lct n (AT) is usually not very hard to compute. 
Example 1.2 (|28J). If X is a smooth surface in P 3 of degree 3, then 

| 2/3 if X has an Eckardt point, 
I 3/4 if X has no Eckardt points. 



lcti (X) 



The number lct n (X) is denoted by a n (X) in [38] . 
Remark 1.3. It follows from \27\ Lemma 4.8] that the set 

B is a divisor in — nKx 




is finite (cf. [23]). Thus, there exists a divisor B G | — nKx\ such that lct n (X) = c(X,B/n) G Q 
If the variety X is smooth, then it is proved by Demailly (see [6., Theorem A. 3]) that 

inf{lct„(X) nGN}=o(A), 
where a(X) is the a-invariant introduced by Tian in [36] . Put lct(X) = inf{lct n (X) j n G N}. 
Conjecture 1.4 (|38l Question 1]). There is an n G N such that lct(X) = \ct n (X). 
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The authors would like to thank an anonymous referee for many useful remarks. 
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2 IVAN CHELTSOV AND DIMITRA KOSTA 

The proof of Theorem 1 1 . 1 1 uses (at least implicitly) the following result. 
Theorem 1.5 ([3B]) PH])- The Fano orbifold X is Kahler-Einstein if 

, , v . dim(X) 
lct(X) > - 

v ; dim(X) + 1 

Note that there are many well-known obstructions to the existence of Kahler-Einstein metrics 
on smooth Fano manifolds and Fano orbifolds (see |25j . |14j . |15j . [34j). 

Example 1.6. If X = P(1,2,3), then X is not Kahler-Einstein (see [15], [34]). 

Let us describe one more a-invariant that took its origin in |37j . 
Let A4 be a linear system on the variety X. Then the number 

c(X, M) = supje G Q the log pair [X, eM) is log canonicalj G Q U { + oo}. 

is called the log canonical threshold of the linear system M (cf. [21, Theorem 4.8]). Put 



lct n , 2 (X) =infJc|X,-B 



n 



B is a pencil in — nKx 




for every n G N. The number let^pf) is denoted by a n ^{X) in [8] and [H]. Note that 
(1.7) lct(X) = inf{lct nj2 (X) n G n|, 

and it follows from |2H Theorem 4.8] that lct n (X) lct n 2 (JT) for every n G N. 
Remark 1.8. It follows from [27} Lemma 4.8] and [211 Theorem 4.8] that the set 

B is a pencil in | — nKx | ^ 

is finite. Thus, there is a pencil B in | — nKx \ such that the equality lctn^-X') = c(X, B/n). Then 

lct n , 2 (X) >lct(X) 

if there exists at most finitely many effective Q-divisors D\ , D 2 , . . . , D r on the variety X such that 

c(X, Di) = c(X, D 2 ) =■■■ = c(X, D r ) = lct(X) 
and I)] ~q I) > ~q • • • ~q D r ~q A v • 

The importance of the number lct nj2 (X) is due to the following conjecture. 
Conjecture 1.9 (cf. [8, Theorem 2], [411 Theorem 1]). Suppose that 

, dimpO 

kt "*W > 5i^(x)+T' 

for every n G N. Then X is Kahler-Einstein. 

Note that Conjecture 11.91 is not much stronger than Theorem 11.51 by p.7jl . 
Example 1.10. Suppose that X is a smooth hypersurface in P m of degree m ^ 3. Then 

, fv -\ , 1 dim(X) 
lct n (X)^l 



m dim(X) + 1 

for every n G N by [2j. The equality lct n (X) = 1 — 1/m holds ■<=>■ the hypersurface X contains 
a cone of dimension m — 2 (see [21 Theorem 1.3], [2 Theorem 4.1], |13|. Theorem 0.2]). Then 



1 = lcti(X) ^ lct(X) ^ < 
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by Remark 11.81 [2, Remark 1.6], [2 Theorem 4.1], [21 Theorem 5.2] and |13|. Theorem 0.2], 
because X contains at most finitely many cones by [HI Theorem 4.2]. If X is general, then 

( 3/4 if m = 3, 

7/9 if m = 4, 

5/6 if m = 5, 

k 1 if m ^ 5, 

by [33], [3], [5]. Thus, if X is general, then it is Kahler-Eisntein by Theorem 11.51 

The assertion of Conjecture 11.91 follows from [U Theorem 2] and [41, Theorem 1] under 
an additional assumption that the Kahler-Ricci flow on X is tamed (see [8] and |41|). 

Theorem 1.11 ([8], [H]). If dim(X) = 2, then the Kahler-Ricci flow on X is tamed. 

Corollary 1.12. Suppose that dim(X) = 2 and 

\ct n , 2 {X) > - 
for every ti£N. Then X is Kahler-Einstein. 

Two-dimensional Fano orbifolds are called del Pezzo surfaces. 

Remark 1.13. Del Pezzo surfaces with quotient singularities are not classified (cf. [20J. But 

• del Pezzo surfaces with canonical singularities are classified (see |18j). 

• del Pezzo surfaces with 2-Gorenstein quotient singularities are classified (see [1]), 

• del Pezzo surfaces of Picard rank 1 with T-singularities are classified (see |17j). 

Del Pezzo surfaces with canonical singularities form a very natural class of del Pezzo surfaces. 
Problem 1.14. Describe all Kahler-Einstein del Pezzo surface with canonical singularities. 

Recall that if X is a del Pezzo surface with canonical singularities, then 

• either the inequality K\ ^ 5 holds, 

• or one of the following possible cases occurs: 

— the equality K\ = 1 holds and X is a sextic surface in P(l, 1, 2, 3), 

— the equality K\ = 2 holds and X is a quartic surface in P(l, 1, 1, 2), 

— the equality K\ = 3 holds and X is a cubic surface in P 3 , 

— the equality K\ = 4 holds and X is a complete intersection in P 4 of two quadrics. 
Let us consider few examples to illustrate the expected answer to Problem 11.141 

Example 1.15. Suppose that X is a sextic surface in P(l,l,2,3) such that its singular locus 
consists of singular points of type Ai or A2. Arguing as in the proof of Lemma 4.1], we see that 

lct n , 2 (X) > - 

for every n E N. Thus, the surface X is Kahler-Einstein by Corollary 11.121 

Example 1.16. Suppose that X is a quartic surface in P(l, 1, 1,2) such that its singular locus 
consists of singular points of type Ai or A 2 . Then X is Kahler-Einstein by |16t Theorem 2]. 

Example 1.17. Suppose that X is a cubic surface in P 3 that is not a cone. Then 

• if X is smooth, then X is Kahler-Einstein by Theorem 11.11 

• if Sing(X) consists of one point of type Ai, then it follows from |35} Theorem 5.1] that 

lct nj2 (X) > ^ = lct!(X) =lct(X) 
for every n € N, which implies that X is Kahler-Einstein by Corollary 11.121 
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• if the cubic surface X has a singular point that is not a singular point of type Ai or A2, 
then the surface X is not Kahler-Einstein by Proposition 4.2]. 

Example 1.18. Suppose that X is a complete intersection in P 4 of two quadrics. Then 

• if X is smooth, then X is Kahler-Einstein by Theorem 11.11 

• if X is Kahler-Einstein, then X has at most singular points of type Ai (see [19]), 

• it follows from [23] or |16t Theorem 44] that X is Kahler-Einstein if it is given by 

4 4 

J2 x i=Yl XiX i =0 ^ p4 - Pr °J ( C t x o, • • • , a*]) , 
i=0 i=0 

and X has at most singular points of type A 1; where (Aq : Ai : A2 : A3 : A4) £ P 4 . 

Keeping in mind Examples 11.151 11161 11.171 and 11,181 [U Example 1.12] and [26\ Table 1], 
it is very natural to expect that the following answer to Problem 11.141 is true (cf . Example 1 1 . 6|) . 

Conjecture 1.19. If the orbifold X is a del Pezzo surface with at most canonical singularities, 
then the surface X is Kahler-Enstein it satisfies one of the following conditions: 

• K\ = 1 and Sing(AT) consists of points of type Aj, A2, A3, A4, A5, Ag, A7 or B4, 

• K\ = 2 and Sing(X) consists of points of type Ai, A2 or A3, 

• K\ = 3 and Sing(X) consists of points of type Ai or A2, 

• K\ = 4 and Sing(X) consists of points of type Ai, 

• the surface X is smooth and 6 ^ K\ ^ 5, 

• either X =i P 2 or X =i P 1 x P 1 . 

In this paper, we prove the following result. 
Theorem 1.20. Suppose that X is a sextic surface in P(l,l,2,3). Then 

lct n>2 (X) > - 

for every n S N if Sing(AT) consists of points of type Ai, A2, A3, A4, A5 or Aq. 

Corollary 1.21. Suppose that X is a sextic surface in P(l, 1,2,3) such that its singular locus 
consists of singular points of type Ai, A2, A3, A4, A5 or Aq. Then X is Kahler-Enstein. 

It should be pointed out that Corollary 11.211 and Examples 11.151 11.161 11.171 11.181 illustrate 
a general philosophy that the existence of Kahler-Enstein metrics on Fano orbifolds is related to 
an algebro-geometric notion of stability (see [lit Theorem 4.1], [39], |12|). 

Remark 1.22. If X is a sextic surface in P(l, 1,2,3) with canonical singularities, then either 
f Eg,E7,E7 + Ai,E8,E fi +A2,E8 + Ai,B g ,B7,B 6> B6+Ai+Ai,B 6 + Ai, 
B 5 , B 5 + A 3 , B 5 + A 2 , B 5 + Ai + Ai,B 5 + Ai, B 4 , B 4 + B 4 , B 4 + A 3 , B 4 + A 2 , 
B 4 + Ai + Ai + Ai + Ai,B 4 + Ai + Ai + Ai,B 4 + Ai + Ai,B 4 + Ai, A 8 , 
A 7 ,A 7 + Ai,A 6 ,A 6 + Ai,A 5 ,A 5 + A l5 A 5 + A 1 + A l5 A 5 + A 2 ,A 5 + A 2 + A l5 
A4, A 4 + A 4 , A4 + A3, A4 + A2 + Ai, A4 + A2, A4 + Ai + Ai, A 4 + Ai, 
A 3 , A 3 + A 3 , A 3 + A 3 + A x + A x , A 3 + A 2 , A 3 + A 2 + A l5 A3 + A 2 + Ai + Ai, 
^ A 3 + Ai + Ai + Ai + Ai, A 3 + Ai + Ai + Ai, A 3 + Ai + Ai, A 3 + Ai 

or Sing(X) consists only of points of type Ai and A2 (see [40]). 

What is known about a-invariants of del Pezzo surfaces with canonical singularities? 

Theorem 1.23 Q3J). If X is a smooth del Pezzo surface, then lct(X) = lcti(X), 



Sing(X) G < 
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Theorem 1.24 ([3], |31j). If X is a del Pezzo surface with canonical singularities, then 

lct(X) = lcti(X) 

in the case when K\ ^ 3. 

Theorem 1.25 (|31|). If X is a quartic surface in P(l, 1, 1, 2) with canonical singularities, then 

' lct 2 (X) = 1/3 if X has a singular point of type A7, 
lct(X) = < lct 2 (X) = 2/5 if X has a singular point of type Ag, 
k lcti (X) in the remaining cases. 

In this paper, we prove the following result (cf. Example I1.15p . 

Theorem 1.26. Suppose that X is a sextic surface in P(l,l,2,3) with canonical singularities, 
let uj : X — > P(l, 1, 2) be a natural double cover, and let R be its branch curve in P(l, 1, 2). Then 



let X) 



' lct 2 




= 1/3 


if Sing(X) consists 


of a point of type Bg, 


lct 2 


(*) 


= 2/5 


if Sing(X) consists 


of a point of type B7, 


lct 3 


(*) 


= 1/2 


if Sing(X) consists 


of a point of type Ag, 


lct 2 


(*) 


= 1/2 


if Sing(X) consists 


of a point of type A7 and a point of type Ai 


lct 2 


(*) 


= 1/2 


if Sing(X) consists 


of a point of type A7 and R is reducible, 


lct 3 




= 3/5 


if X has a singular 


point of type A7 and R is irreducible, 


lct 2 


(*) 


= 2/3 


if X has a singular 


point of type Ag, 


lct 2 


(*) 


= 2/3 


if X has a singular 


point of type A5, 


lct 2 




= min 


(lcti (X), 4/5) ifX 


has a singular point of type A4, 



lcti (X) in the remaining cases. 

It should be pointed out that if X is a del Pezzo surface with at most canonical singularities, 
then all possible values of the number lcti(X) are computed in [28], [29j, |30j. 

Example 1.27. If X is a sextic surface in P(l, 1, 2, 3) with canonical singularities, then 

• lcti(X) = 1/6 the surface X has a singular point of type Eg, 

• lcti(X) = 1/4 the surface X has a singular point of type E7, 

• lcti(X) = 1/3 <^=> the surface X has a singular point of type Eg, 

• lcti(X) = 1/2 the surface X has a singular point of type B4, B5, Bg, B7 or Bg, 

• lcti(X) = 2/3 the following two conditions are satisfied: 

— the surface X has no singular points of type B4, B5, Bg, B7, Bg, Eg, E7 or Eg, 

— there is a curve in | — Kx\ that has a cusp at a point in Sing(X) of type A 2 , 

• lcti(X) = 3/4 <^=> the following three conditions are satisfied: 

— the surface X has no singular points of type B4, B5, Bg, B7, Bg, Kq, E7 or Eg, 

— there is no curve in | — Kx\ that has a cusp at a point in Sing(X) of type A 2 , 

— there is a curve in | — Kx\ that has a cusp at a point in Sing(X) of type Ai, 

• lcti(X) = 5/6 <^=> the following three conditions are satisfied: 

— the surface X has no singular points of type B4, B5, Bg, B7, Bg, Eg, E7 or Eg, 

— there is no curve in | — Kx\ that have a cusp at a point in Sing(X), 

— there is a curve in | — Kx\ that has a cusp, 

• lcti(X) = 1 <^=^> there are no cuspidal curves in | — Kx\- 

A crucial role in the proofs of both Theorems ll.26l and ll,20l is played by a new local inequality 
that we discovered. This inequality is a technical tool, but let us describe it now. 
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Let S be a surface, let D be an arbitrary effective Q-divisor on the surface S, let O be a smooth 
point of the surface S, let Aj and A2 be reduced irreducible curves on S such that 

Ax £ Supp(D) 2 A 2 , 

and the divisor A1+A2 has a simple normal crossing singularity at the smooth point O £ AiflA 2 , 
let di and a 2 be some non-negative rational numbers. Suppose that the log pair 

S, D + a 1 A 1 + a 2 A 2 

is not Kawamata log terminal at O, but (S,D + aiAi + a 2 A 2 ) is Kawamata log terminal in 
a punctured neighborhood of the point O. 

Theorem 1.28. Let A,B,M,N,a,/3 be non-negative rational numbers. Then 

mult \D ■ A^j ^ M + A01 - a 2 or mult (-D • A 2 ) > iV + 5a 2 - a\ 

in the case when the following conditions are satisfied: 

• the inequality aa\ + /3a 2 ^ 1 holds, 

• the inequalities A(B - 1) ^ 1 > max(M, N) hold, 

• the inequalities a(A + M - 1) > A 2 (5 + iV - l)/3 and a(l - M) + A/3 ^ A hold, 

• either the inequality 2M + AiV 2 holds or 

q(5 + 1 - MB -N)+ f3(A + 1-AN-M) ^ AB — 1. 
Corollary 1.29. Suppose that 

2m - 2 2 

r-r«i + -t°2 < 1 

m + 1 m + 1 

for some integer m such that m 3. Then 

multo^-D • Ai^ ^ 2ai — a 2 or multo^-D • A^ ^ -a 2 — a\. 

Proof. To prove the required assertion, let us put 

7TI 2 JYl — 2 2 

A = 2, 5 = -, M = 0,N = 0, a = — , (3 = — a 2 , 

m — 1 m + 1 m + 1 

and let us check that all hypotheses of Theorem 11.281 are satisfied. 

We have aa\ + (3a 2 ^ 1 by assumption. We have 

2 

A(B - 1) = ^1^0 = max(M, N), 

m — 1 

since m ^ 3. We have 

a (A + M - 1) = — > = A\B + iV - l)/3, 

m + 1 m z — 1 

since m ^ 3. We have a(l - M) + A/3 = 2 ^ 2 = A and 2M + AiV = 0^2. 
Thus, we see that all hypotheses of Theorem 11.281 are satisfied. Then 

multo [D ■ Ai ) M + Aai — a 2 = 2oi — a 2 or multo \D ■ A 2 ) ^ iV + Ba 2 — a% = a 2 — ai 



m 

by Theorem Q51 □ 

For the convenience of a reader, we organize the paper in the following way: 

• in Section [21 we collect auxiliary results, 

• in Section El we prove Theorem 11.281 

• in Sections HI we prove Theorem 14.11 

• in Sections [5l we prove Theorems 15.11 

• in Sections [6l we prove Theorems 16.11 
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By Remark 11.221 both Theorems 11.201 and 11.261 follow from Theorems 14.11 15.11 and 16.11 

2. Preliminaries 

Let S be a surface with canonical singularities, and let D be an effective Q-divisor on S. Put 

r 

D = y^ajDj, 
i=i 

where Di is an irreducible curve, and en € Q>o- We assume that Di ^ Dj i ^ j. 

Suppose that (S, D) is log canonical, but (S 1 , D) is not Kawamata log terminal. 

Remark 2.1. Let D be an effective Q-divisor on the surface S such that 

r 

D = ^Ja^A ~q D, 

i=i 

and the log pair (S, D) is log canonical, where cLi is a non-negative rational number. Put 



. I ai 

a = mm< — 



I at t 

where a is well defined and a ^ 1. Then a = 1 <s=> D = D. Suppose that D ^ D. Put 

D '=y ai ~ ad,i Dj, 

frf 1-a 

and choose k 6 {1, . . . , r} such that a = a^/afc. Then A ^ Supp(A) and A ~q l) ~q A but 
the log pair (£*, A) is not Kawamata log terminal. 

Let LCS(5, D) be the locus of log canonical singularities of the log pair (S, D) (see [6]). 
Theorem 2.2 ([22], Theorem 17.4]). If -(K s + D) is nef and big, then LCS(5, D) is connected. 

Take a point P G LCS(S I , -D). Suppose that LCS(S*, -D) contains no curves that pass through P. 
Lemma 2.3. Suppose that P $ Sing(5) and P Sing(A)- Then 



V i=2 / i=2 

Proof. The log pair (S, D\ + Y2l=2 a i^i) is n °t log canonical at P, since a± < 1. Then 

> 1 



r r / r \ 

A • ^ aiA ^ ^ a^multp (Di • A J > multp ( ^ a» A J 

i=2 i=2 " \ i=2 V 

by [221 Theorem 17.6]. □ 
Let 7r: 5 — > S be a birational morphism, and D is a proper transform of D via 7r. Then 

s 

K 5 + 5 + Yl eiEi ~« + 
i=l 

where A is an irreducible ^-exceptional curve, and G Q. We assume that A = A i = j- 

Suppose, in addition, that the birational morphism tt induces an isomorphism 

s\( (JeA ^s\p 



. i=l 



Remark 2.4. The log pair (S, D + ^2^ =1 eiEi) is not Kawamata log terminal at a point in Uf =1 A. 
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Suppose that S is singular at P, and either P is a singular point of type D n for some n € N^4, 
or the point P is a singular point of type E m for some m 6 {6, 7, 8}. 

Lemma 2.5. Suppose that E\ = E\ = ■ ■ ■ = E 2 S = -2. Then ei = 1 if 

Proof. This follows from [32, Proposition 2.9], because (S 3 P) is a weakly-exceptional singu- 
larity (see [321 Example 4.7], [U Example 3.4], Theorem 3.15]). □ 

Lemma 2.6. Suppose that S is a sextic surface in P(l, 1,2,3) that has canonical singularities, 
and suppose that D ~q —Kx- Let [i be a positive rational number such that either 

/i < lcti(S'), 

or fi = 2/3 and D is not a curve in | — Kx\ with a cusp at a point in Sing(5) of type A2. Then 

LCS(S,tiD) C Sing(S), 
the locus LCS(S', //D) contains no points of type Ai or A2, and \LCS(S, fiD)\ ^ 1. 
Proof. This follows from Theorem 12.21 and the proof of [21 Lemma 4.1]. □ 
Most of the described results are valid in much more general settings (cf. [22 J and [21]). 

3. Local inequality 
The purpose of this section is to prove Theorem 11.281 

Let S be a surface, let D be an arbitrary effective Q-divisor on the surface S, let O be a smooth 
point of the surface S, let Ai and A2 be reduced irreducible curves on S such that 

Ax £ Supp(D) ^ A 2 , 

and the divisor A1+A2 has a simple normal crossing singularity at the smooth point O £ A1IIA2, 
let a\ and 02 be some non-negative rational numbers. Suppose that the log pair 

{S, D + aiAi + a 2 A 2 ) 

is not Kawamata log terminal at O, but (S,D + aiAi + a2A2) is Kawamata log terminal in 
a punctured neighborhood of the point O. In particular, we must have a\ < 1 and 02 < 1. 
Let A,B, M, N,a,{3 be non-negative rational numbers such that 

• the inequality aa\ + /3a2 ^ 1 holds, 

• the inequalities A(B - 1) ^ 1 > max(M, N) hold, 

• the inequalities a(A + M - 1) ^ A 2 (B + N - l)/3 and a(l - M) + A(3 ^ A holds, 

• either the inequality 2M + AN sj 2 holds or 

a(B + 1 - MB - iV) + p{A + 1 - AW - Af) > AB - 1. 
Lemma 3.1. The inequalities A + M ^ 1 and I? > 1 holds. The inequality 

a(B + l- MB - N) + p{A + 1 - AN - M) ^ AB — 1 

holds. The inequality /3(1 — iV) + Ba ^ B holds. The inequalities 

a(2-M) P(2-N) 
A+l B+l ' 

and a(2 - Af)fl + /3(1 - iV)(A + 1) > B(A + 1) hold. 
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Proof. The inequality B > 1 follows from the inequality A(B — 1) ^ 1. Then 

a 8 a 8 1 



A + l B + 1 A + 1 25 2 
because 25 ^ 5 + 1. Similarly, we see that A + M ^ 1, because 

a(A + M-l) 

and .B + N — 1 ^ 0. The inequality 8(1 — N) + Ba ^ -B follows from the inequalities 

3(1 — N) 2- M 8(1 — N) 

because A + 1 ^ 2 - M. 

Let us show that the inequality 

a(2 - M)B + 3(1 - N) (A + l) ^ B(A + l) 

holds. Let Li be the line in IR 2 given by the equation 

x(2 - M)B + y(l - N)(A + 1) - B(A + 1) = 

and let L2 be the line that is given by the equation 

x(l-M) +Ay-A = 0, 

where (x,y) are coordinates on R 2 . Then L\ intersects the line y = at the point 

( A + l 



M 



,0 



and L2 intersects the line y = at the point (A/(l — M), 0). But 

A + l A 

< 



2-M 1-M' 
which implies that a(2 - M)B + 3(1 - N)(A + 1) ^ £(A + 1) if 

i4 2 A)(£ + W- 1) > a (4 + M- l), 
where (ao,3o) is the intersection point of the lines L\ and L2. But 

, , / A(A+rl)(B + N-l) B(A-1 + M) \ 
M = ( A ' A J' 

where A = 2AB - ABM -A + AM - 1 + M + NA - NAM + N - NM. But 

A 2 (b(A- 1 + M)^j(B + N - l) ^ (a(A + 1)(B + N -1)^(A + M -l), 

because A(5 - 1) ^ 1, which implies that A 2 /3 (-B + AT - 1) ^ q (,4 + M - 1). 
Finally, let us show that the inequality 

a(B + 1 - MB - N) + 3(A + 1 - AN - M) ^ AB - 1 

holds. Let L' t be the line in R 2 given by the equation 

x(B + 1 - MB — N) + y3(A + 1 — AN — M) — AB + 1 = 

where (x,y) are coordinates on M 2 . Then L[ intersects the line y = at the point 

/ AB - 1 \ 

,0 



B + 1- MB - N' 
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and L 2 intersects the line y = at the point (A/(l — M),0). But 

AB — 1 A 

< 



B + l- MB -N 1 — M 
which implies that a{B + 1 - MB - N) + /?(A + 1 - AN - M) ^ - 1 if 

A 2 /?!(5 + iV- 1) > ai (A + M-l), 

where is the intersection point of the lines and L 2 . Note that 

, N (aLAB- A-2 + NA + M) A + 1-NA-M\ 
= I ^ > ^ I. 

where A' = AB - 1 - ABM + AM + 2M - iVAM - M 2 . 

To complete the proof, it is enough to show that the inequality 

A 2 (a + 1 - NA - M\ (B + N - 1) ^ (A(AB - A - 2 + NA + M)\ (A + M — l) 

holds. This inequality is equivalent to the inequality 

(2 - M) (A + M - l) > A(AiV + 2M - 2)(B + AT - l) , 
which is true, because M ^ 1 and AiV + 2M - 2 ^ 0. □ 
Let us prove prove Theorem 11,281 by reductio ad absurdum. Suppose that the inequalities 
mult (p ■ Ai) < M + Aai - a 2 and mult (-D • A 2 ) < TV + £a 2 - a x 
hold. Let us show that this assumption leads to a contradiction. 
Lemma 3.2. The inequalities a\ > (1 - M)/A and a 2 > (1 - A0/-B hold. 
Proof. It follows from Lemma 12.31 that 

M + Aai - a 2 > mult (-E> • A x ) > 1 - a 2 , 
which implies that a\ > (1 — M)/A, Similarly, we see that a 2 > (1 — N)/B. □ 

Put mo = multo(-D). Then mo is a positive rational number. 
Remark 3.3. The inequalities mo < M + Aai — a 2 and mo < N + Z?a 2 — ai hold. 
Lemma 3.4. The inequality mo + a\ + a 2 < 2 holds. 

Proof. We know that mo + ai + a 2 < M + (A + l)ai and mo + ai + a 2 < N + (1? + l)a 2 . Then 

, , / a 8 \ aM BN aM BN 

m + ai + a 2 — + — — - < aa\ + pa 2 + + — — - ^ 1 + + — — -, 

v ; U + 1 B + l J A + l B + l A + l B + l 

which implies that mo + a\ + a 2 < 2 by Lemma 13.11 □ 
Let 7ri : S\ — > S be the blow up of the point O, and let F\ be the 7ri-exceptional curve. Then 
K Sl + D 1 + ai A\ + a 2 A 2 + (m + a x + a 2 - l) Ft ~ Q ttJ (k s + D + ai Ai + a 2 A 2 ) , 
where D , A{, A3, are proper transforms of the divisors D, Ai, A 2 via 7Ti, respectively. Then 

^1, D 1 + ai A\ + a 2 A\ + (m + a x + a 2 - l)Fi 
is not Kawamata log terminal at some point 0\ £ F\ (see Remark 12. 4p . where mo + a\ + a 2 ^ 1. 
Lemma 3.5. Either Oi = Fx n A} or Oi = F x n A3j. 
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Proof. Suppose that Ox A} U A\. Then m = D 1 ■ Fi > 1 by Lemma E3J But 

(d + Ba a + Ap\ . ,p + Ba , _ ,a + Af3 

m o I ^ — 7 + ,„ \ J < (M + Aa\ — a 2 ) AB _ X + ( N + #a 2 - ai) 



AB-1 ' AB-li v 1 v ' V AB-1' 

because thq < M + Aai — <22 and mo < N + i?a2 — ai. On the other hand, we have 

(M + Aa x - a 2 ) ^ + (iV + 5a 2 - a,) < 1 + , 

because aa% + Pa 2 ^ 1 and — 1 > 0. But we already proved that mo > 1. Thus, we see that 

P + Ba + a + A/3 < AB - 1 + M/3 + MBa + iVa + ^7V/3, 
which is impossible by Lemma l3.1i □ 
Lemma 3.6. The inequality 0\ ^ F\ n Aj holds. 
Proof. Suppose that 0\ = F\ H A}. It follows from Lemma 12.31 that 

M + Aai - a 2 - m Q > mult 0l ■ A^ > 1 - (m + ai + a 2 - l) , 

which implies that oi > (2 - M)/(^4 + 1). Then 

(2 - M)a m -N) 

+ ^— r — - < am + Pa 2 *S 1, 



A + l B 
because a 2 > (1 — N)/B by Lemma 1331 Thus, we see that 

(2 - M)a 0(1 - N) 
A + l + B 

which is impossible by Lemma 13. II □ 
Therefore, we see that 0\ = F\ D A\. Then the log pair 

'Si, D 1 + aiA} + a 2 A^ + (m + ai + a 2 - l)Fi 



is not Kawamata log terminal at the point 0\. We know that 1 > mo + a\ + a 2 — 1 ^ 0. 
We have a blow up 7Ti : Si — > S. For any n € N, consider a sequence of blow ups 

c 7T„ 7T n _l 7r 3 7T 2 c 7T1 „ 

O n s- ,S n _i • • • s- ^ 2 >" Ol ^ D 

such that 7Tj + i : Sj+i — > 5j is a blow up of the point Fi D A 2 for every i G {1, . . . , n — 1}, where 

• we denote by the exceptional curve of the morphism 7Tj, 

• we denote by A 2 the proper transform of the curve A2 on the surface S{. 

For every k G {1, . . . , n} and for every i € {1, . . . , k}, let D k , and be the proper trans- 
forms on the surface Sk of the divisors D, Ai and Fi, respectively. Then 

n / i-1 \ 

ET 5n + D n + 01 AJ + a 2 A£ + ^ I 01 + m 2 - i + ^ mj j ~q tt* + D + ai Aj + a 2 A 2 ) , 

8=1 V J=0 / 

where 7r = 7r n o • • • o ir 2 o m and m; = multo^-D 1 ) for every i G {1, . . . , n}. Then the log pair 

(3.7) \S n , D n + 01 AJ + a 2 A^ + f^(^i + ™2 - % + £ i^ n ^ 

is not Kawamata log terminal at some point of the set F™ U F^ U • • • U F™ (see Remark I2.4|) . 
Put O k = F k n A| for every fc G {1, . . . , n}. 
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Lemma 3.8. For every i £ {1, . . . , n}, we have 

1 > a% + ia2 — i + rrij ^ 0, 

3=0 

and ()3.7p is Kawamata log terminal at every point of the set {F™ U U • • • U i* 1 ™) \ O n . 

Since multo(-D ■ A2) < N + i?a2 — 01 by assumption, it follows from Lemma 13.81 that 

n-l 

N + Ba 2 -a t > multo^D • A 2 ) ^^m,>(n- 1)(1 - a 2 ) - a\, 

i=0 

which implies that n ^ {N + Ba>2) / {]- — (12) ■ On the other hand, the assertion of Lemma l3.8l holds 
for arbitrary n £ N. So, taking any n > (N + Ba,2)/(1 — 0,2), we obtain a contradiction. 
We see that to prove Theorem 11.281 it is enough to prove Lemma 13.81 
Let us prove Lemma 13.81 by induction on n 6 N. The case n = 1 is already done. 
We may assume that n ^ 2. For every k 6 {1, . . . , n — 1}, we may assume that 

k-l 

1 > ai + /ca2 — k + m j ^ 0) 
i=o 

the singularities of the log pair 

^S k , D k + aiAj + a 2 A§ + + ka ? ~ k + m J^j F i k ^J 

are Kawamata log terminal along (F^UF^ U- • •Ui ? ^)\0/ c and not Kawamata log terminal at O^. 
Lemma 3.9. The inequality 0,2 > (n — N)/(B + n — 1) holds. 
Proof. The singularities of the log pair 

^ n _i, D"- 1 + asAr 1 + [ax + (n - l)a 2 - (n - l) + 

are not Kawamata log terminal at the point O n -\. Then it follows from Lemma 12.31 that 

n-2 / n-2 \ 

N + Ba 2 -a 1 ~Y^ ™j > mult 0n _ 1 (p n ~ l • A™" 1 ) > 1 - ( a x + (n - l) a 2 - (n - l) + ) , 

which implies that 02 > (n — N)/(B + n — 1). □ 

Lemma 3.10. The inequalities 1 > a\ + na2 — n + ^j=o m j ^ hold. 

Proof. The inequality ai + na 2 — n + X^i=o m j ^ ^ follows from the fact that the log pair 

^ n _i, D"" 1 + asAr 1 + ^1 + (n - l)a 2 - (n - l) + £ 

is not Kawamata log terminal at the point O n -i- 

Suppose that a\ + na 2 — n + X)?=o 771 j ^ 1- Let us derive a contradiction. 



It follows from Remark 13.31 that mo + a 2 ^ M + Aai . Then 



n-l 



ai + 11M + nAa\ — n ^ a\ + na2 — n + nmo ^ ai + na 2 — n + rrij ^ 1, 

j=0 
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which implies that ai ^ (n+l-Mn) / (nA+1). But a 2 > (n-N) /(B+n-1) by Lemmal3~9l Then 

(a(l-M) \ A-l + M A-B-N n + l-Mn „ n-N 
I A J A(An + l) B + n-1 nA + l B + n-1 

where a(l — M)/A + (3 ^ 1 by assumption. Therefore, we see that 

A + M-l B + N-1 

a A(An + l) < " B + n-1' 
where n ^ 2. But ^4 + M > 1 and B + N > 1 by Lemma 13.21 since ai < 1 and a 2 < 1. Then 

A(An + l) B + n-1 



a{A + M-l) 8{B + N-ly 
but A 2 (B + N - 1)8 < a(j4 + M — 1) by assumption. Then 

A 5-1 / ,4 2 1 \ A B-l 

> —T-. 7T 7T-TT7^ 7T U+ — 7T~ ^ . „ 7T > 0, 



a{A + M - 1) /3(5 + JV - 1) V a(A + M - 1) /3(£ + JV - 1) I a(A + M - 1) /3(£ + JV - 1) 
which implies that /3A(B + AT - 1) > a(£ - 1)(A + M — 1). Then 

a (A + M-l) ^^( i? + jV _ 1 ) >a (g_i)(A + M-l), 

because A 2 (B + iV-l)/3 < a(vl + M-l) by assumption. Then we have a ^ and A(B-l) < 1, 
which is impossible, because ^4(5 — 1) ^ 1 by assumption. □ 

Lemma 3.11. The log pair (|3.7p is Kawamata log terminal at every point of the set 



F r ^(^F n nF r u)[J[F n nA^. 



Proof. Suppose that there is a point Q £ F n such that 

F n nF^ l ^Q^F n nA^, 
but (|3.7p is not Kawamata log terminal at the point Q. Then the log pair 

^S n , D n + ^ai + na,2 - n + ^ m^j F^j 

is not Kawamata log terminal at the point Q as well. Then 

m > m n ^x = D n ■ F n > 1 
by Lemma 12.31 because a\ + na 2 — n + X^j=o m j < 1 by Lemma 13.101 Then 

/ 8 + Ba a + A3 \ , s 8 + Ba , , a + A3 

™o [ , „ T + y ] < (M + Aa x - 02) ^3 y + (AT + Ba 2 - a x ) 



AB-1 AB-1 I v ' L ^AB-1 v " V AB-1' 

because mo < M + Ag&i — a 2 and m < iV + £>a 2 — a\ by Remark 13.31 We have 

, . , 3 + Ba , T „ , a + M/3 + MBa + Na + AN 3 

because aai + /3a 2 ^ 1 and AB — 1 > 0. But mo > 1. Thus, we see that 

8 + Ba + a + A3 < AB - 1 + MB + MBa + Na + AN 8, 
which contradicts our initial assumptions. □ 
Lemma 3.12. The log pair (j3.7|) is Kawamata log terminal at the point F n n F^_ 1 . 
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Proof. Suppose that (]3.7[) is not Kawamata log terminal at F n n F™_ 1 . Then the log pair 

(/ n-2 \ / n-1 \ N 

S n , D n + I ai + (n - l)a 2 - (n - l) + ^ m; j + U + na 2 - n + ^ toJ F n 

is not Kawamata log terminal at the point F n n as well. Then 

- rn n -i = D n ■ F n _ 2 > 1 - \a\ + na 2 —n + y~] rrij 



by Lemma [2T3l because a\ + (n — l)a 2 — (n — 1) + ^j=o m i < 1- Note that 



M + Aai — ci2 — mo > multo^D • AiJ — mo ^ multo(-D)multo(Ai) — too = 0, 
which implies that mo + a 2 < Aa\ + M. Then 

n-l 

nM + nAai — na 2 > nniQ to„_ 2 — to„_i + rrij > n + 1 — ai — na 2 , 

which gives a\ > (n + 1 — nM)/(An + 1). 

Now arguing as in the proof of Lemma 13.101 we obtain a contradiction. □ 

The assertion of Lemma 13.81 is proved. The assertion of Theorem 11.281 is proved. 

4. One cyclic singular point 

Let X be a sextic surface in P(l,l,2,3) with canonical singularities such that |Sing(X)| = 1, 
let oj: X — > P(l, 1,2) be the natural double cover, let R be its ramification curve in P(l, 1,2), 
and suppose that Sing(X) consists of one singular point of type A m , where m £ {1, ... ,8}. 

Theorem 4.1. The following equality holds: 

( lct 3 (X) = 1/2 if to = 8, 

lct 2 (X) = 1/2 if m = 7 and R is reducible, 

lcts(X) = 3/5ifm = 7 and R is irreducible, 

lei ( X) = < lct 2 (X) = 2/3 if m = 6, 

lct 2 (X) = 2/3 if to = 5, 

Ict 2 (X) = 4/5 if to = 4, 

s lcti (X) in the remaining cases, 

and if lct(X) = 2/3, then there is a unique effective Q-divisor D on X such that D ~q —Kx and 

c(X,D) =lct(X) = |. 

By Theorem 11.51 Corollary 11.121 and Remark 11.81 we obtain the following two corollaries. 

Corollary 4.2. If to < 6, then lct„ j2 (X) > 2/3 for every n G N. 

Corollary 4.3. If to ^ 6, then X is Kahler-Enstein. 

In the rest of this section we will prove Theorem 14.11 

Let D be an arbitrary effective Q-divisor on the surface X such that 

D ~q -Kx, 
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and put n = c(X, D). To prove Theorem 14. H it is enough to show that 



'lct 3 


(*) 


= 1/2 if m = 8, 




let 2 


(x) 


= 1/2 if m = 7 and R is 


reducible, 


lct 3 


(*) 


= 3/5 if m = 7 and R is 


irreducible 


< let 2 


(*) 


= 2/3 if m = 6, 




let 2 


(*) 


= 2/3 if m = 5, 




let 2 




= 4/5 if m = 4, 




. lcti 


lx) 


in the remaining cases, 





and if /i = lct(X) = 2/3, then D is uniquely denned. Note that lcti(X) ^ 5/6 if m ^ 3 (see |3Qj ) . 
Let us prove Theorem 14.11 By Lemma [2 .61 we may assume that m ^ 3 and [i < lcti(X). Then 

LCS(X, fiD) = Sing(X) 

by Lemma 12.61 Put P = Sing(X). 

Let 7r : X —7- X be a minimal resolution, let .Ei, -E2, • • • , be 7r-exceptional curves such that 

Ei-Ej^O |*-j| <1, 

let C be the curve in | — Kx\ such that P € C, and let C be it proper transform on X. Then 

m 

C~q tt*(C) 

8=1 

and the curve C is irreducible. We may assume that D ^ C, because // ^ lcti(X) if D = C. 
By Remark |2. 11 we may assume that C (£. Supp(D). 
Let D be the proper transform of the divisor D on the surface X. Then 

m 

1=1 

where is a non-negative rational number. Then the log pair 

m 

(4.4) (x,fxD + J2m E i) 

i=l 

is not Kawamata log terminal (by Remark 12. 4p . On the other hand, we have 

D-E\ = 2a\— a,2, D E2 = 2a2~ 01—03, • • • , D-E m _i = 2a m -\— a m -2— a m , D-E m = 2a m — a m _i, 

where all intersections D ■ E\, D ■ E2, ■ ■ ■ , D ■ E m are non-negative. Moreover, we have 



D ■ C = 1 - ai - a m , 
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where the intersection D ■ C is non-negative, since C <jL Supp(D) by assumption. Hence, we have 



(4.5) 







a-2 
2 ' 


a-2 




ai + a 3 


2 


as 




0,2 + a4 


2 



Om-l ^ 



Om-2 + O r> 



a m > 



0>m—l 



1 ^ ai + a r 



It should be pointed out that at least one inequality in (|4.5|) must be strict, since D ■ Ei > 
for at least one i E {1, . . . , m}, because P E Supp(L>). Then > for some i E {1, . . . , m}. 
Note that ai 02/2 by ()4.5[) . Similarly, it follows from (|4.5p that 

01 + a 3 ai a 3 
which implies that 02 203/3. Arguing in the same way, we see that 



Ok > 



fc + 1 



Ok+l 



for every k £ {1, . . . ,m — 1} (use (|4.5p and induction on fc). Using symmetry, we see that 

m — k 

a k+i ^ , , 1 a k 

m — k + 1 

for every k E {1, . . . , m — 1}. In particular, the inequality > holds for every k E {1, . . . , m}, 
since we already know that Gtj > for some i E {1, . . . , m}. 

Lemma 4.6. Suppose that \ia,i < 1 for every i E {1, . . . , m}. Then 

• there exists a point 

Q e j-Ei n £ 2 , £ 2 n £ 3 , . . . , n £ m } 

such that the log pair (|4.4h is not Kawamata log terminal at Q, 

• the log pair (|4.4p is Kawamata log terminal outside of the point Q, 

• if /i < (m + l)/(2m - 2), then Q / £?i n E 2 and Q / n E m . 

Proof. It follows from Remark 12.41 and Theorem 12.21 that there is a point Q E U^L-^Ei such that 
the log pair (|4.4p is not Kawamata log terminal at Q and is Kawamata log terminal elsewhere. 
Suppose that Q E Ei and Q ^ E 2 - Then 



2ai — a 2 = -D • > 1 
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by Lemma l2?3l Taking (I4.5j) into account, we get 



1 a 2 

ai> 2 + y 



«2 ^ 

a-3 > 



Qi + «3 
2 

a 2 + 0-4 



Q"m—\ ^ 



«m-2 + 1m 



Om-1 



and adding all these inequalities together we get 



m—l 



E. 1 , fl l \ -> . «m 



i=l 



i=2 



which implies that a\ + a m > 1. However, the later is impossible, since a\ + a m ^ 1 by (|4.5p . 
We see that if <5 € -Ei, then Q = E± n E2. Similarly, we see that Q = E m -\ n -Em i£ Q £ E„ 
Suppose that Q £ Ei and Q Ej for every j 7^ i. Then i 7^ 1 and i ^ m. We have 

2aj - aj_! - a i+1 = D ■ Ei > 1 

by Lemma 12.31 Taking (j4.5j) into account, we get 

«2 



ai > 
^3 > 



2 ' 

«l + a-3 
2 : 
02 + 04 



a, ^ — 

2 2 



Om-l ^ 



«m-2 + 0-r 



and adding all these inequalities together we get 



m—l 



i=l 



i=2 



~2'' 



which implies that a\ + a m > 1. However, the later is impossible, since 01 + a m ^ 1 by 
Thus, we see that there is k G {1, . . . , m — 1} such that Q = E^d -E^+i- 
Suppose that fj, < (m + l)/(2m — 2). Let us show that 7^ 1 and k ^ m — 1. 
Due to symmetry, it is enough to show that k 7^ 1. Recall that m ^ 3. 

Suppose that k = 1. Then Q = EiH E 2 - Take /2 € Q such that (m + 1)/ (2m — 2)>p,>^ and 

( X, //.D + p,a\Ei + JML2E2 
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is not Kawamata log terminal at Q and is Kawamata log terminal outside of the point Q. Then 

2m — 2 2 1 

r- T#°i H ; — 7p- a 2 < a\ H -o 2 ^ 1, 

m + 1 m + 1 m — 1 

by (|4.5p . since 7^ and a 2 7^ 0. On the other hand, we have 

multQ mujD ■ E^j ^ jiD ■ Ei = /j^2ai — a^j < p,(^2a\ — a 2 ^ , 
since fx < p.. Therefore, it follows from Corollary 11.291 that 

n(^2a 2 — ai — a-^j = fiD ■ E 2 ^ multQ ^/xD • E 2 J ^ ^ fia 2 - fiat, 

which implies that a 2 {m — 2) > 03(711 — 1), since \i < p. But we proved earlier that 

m — 2 

a-3 > 7^2, 

m — 1 

which is impossible, since a 2 (m — 2) > 03(771 — 1). Thus, we see that k 7^ 1. □ 

If m = 3, then it follows from (14. 5p that a\ ^ 3/4, a 2 ^ 1, 03 ^ 3/4. 
Corollary 4.7. If m = 3, then /i ^ lcti(X) ^ 5/6. 
Lemma 4.8. Suppose that m = 4. Then ^ lct 2 (X) = 4/5. 
Proof. There is a unique smooth irreducible curve Z C X such that 

Z ~ vr* ( - 2K X ) - -Ei - 2£ 2 - 2^3 - £4 
and E 2 D E3 £ Z (cf. the proof of Lemma 16.91) . Put Z = vr(Z). Then 

ict 2 (x) <c(x,iz) = |. 

To complete the proof, it is enough to show that /j ^ 4/5. Suppose that [i < 4/5. 
By Remark 12. H we may assume that Z <f_ Supp(-D), because Z is irreducible. 
It follows from (@3D that 01 < 4/5, a 2 < 6/5, o 3 ^ 6/5, o 4 ^ 4/5. 

Put Q = E 2 (~) E3. Then it follows from Lemma 14.61 that (|4.4p is not Kawamata log terminal 
at the point Q and is Kawamata log terminal outside of the point Q. Then 

1 / - \ 5 

2a 2 - -a 2 - a 3 > 2a 2 - ai - a 3 = D ■ E 2 ^ multQ • £ 2 J > j - 03, 

by Lemma 12.31 Similarly, we see that 

2a 3 - a 2 - a 4 = D ■ E 3 ^ multQ (p ■ E^j > - - a 2 , 

which implies that 02 > 5/6 and 03 > 5/6. 

Let £ : X — > X be a blow up of the point Q, let E be the exceptional curve of the blow up £, 
and let D be the proper transform of the divisor D on the surface X. Put (5 = multQ(Z)). 

Let £1, -E2, E4 be the proper transforms on X of E\, E 2 , E3, E±, respectively. Then 

(4.9) (jt, llD + fia 2 E 2 + fia 3 E 3 + (/_ia 2 + M«3 +fi6-i)E 

is not Kawamata log terminal at some point O € E. 

Let Z be the proper transform on X of the curve Z. Then 

^ Z ■ D = 2 — a 2 — 03 — multQ (D) = 2 — 02 — 03 — 
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which implies that 5 + 02 + a 3 ^ 2. We have \xa.2 + [ia 3 + /i<5 — — 1^3/5, which implies 

that (|4.9p is Kawamata log terminal outside of the point O by Theorem 12.21 We have 

{203 — <i2 — 04 — S = E 3 ■ D ^ 0, 
2a 2 - ai - a 3 - 5 = E 2 ■ D ^ 0, 
which implies that <5 < 1. If O £2 U £3, then 

1 ^ 5 = D ■ E ^ multo ( D ■ e) > 5 




4 

by Lemma [2731 Thus, we see that either O = £ 2 n £ or O = £3 n £. 

Without loss of generality, we may assume that O = E2 D E. By Lemma 12.31 one has 

5 7 5 / ~ \ 5 

- — (12 > a2 = 2 a2>2 — (12 — C13 ^ 5 = D ■ E ^ multo ( D ■ E ) > — — a% , 

4 6 6 V / 4 

since 5 + 02 + a 3 ^2 and 03 > 5/6. The obtained contradiction concludes the proof. □ 

Let r be a biregular involution of the surface X that is induced by the double cover oj. 
Lemma 4.10. Suppose that m = 5. Then there exists a unique curve Z € | — 2Kx\ such that 

lct 2 (X) = ~, 

and either D = Z/2 or /i > 2/3. 

Proof. Let a: 1 -> 1 be a contraction of the curves (7, £5, £4, £3. Then 

a(£i) • a(£i) = a(E 2 ) ■ a(E 2 ) = -1, 

and X is a smooth del Pezzo surface such that K\ = 5, which implies that there is a smooth 

irreducible rational curve £2 on the surface X such that £2 ■ a (E2) = 1 and £2 • £2 = — 1. 
Let L2 be the proper transform of the curve £2 on the surface X. Then £2 • £2 = — 1 and 

—K x ■ £2 = E 2 ■ L 2 = 1, 

which implies that E\ ■ £2 = £3 ■ £2 = £4 • £2 = £5 ■ £2 = C ■ £2 = 0. 
Let /3: X — > X be a contraction of the curves £2, C, £5, E4. Then 

P(E 2 ) ■ P{E 2 ) = P{E 3 ) ■ p(Ea) = -1, 

and X is a smooth del Pezzo surface such that K% = 5, which implies that there is an irreducible 
smooth curve £3 C X such that £3 • (3(E 3 ) = 1 and £3 • £3 = —1 (cf. the proof of Lemma l6.8p . 
Let £3 be the proper transform of the curve £3 on the surface X. Then £3 • £3 = — 1 and 

-K x ■ £3 = E 3 ■ L 3 = 1, 

which implies that £1 • £3 = £2 • £3 = £4 ■ £3 = £5 • £3 = (7 • £3 = 0. 
If r(L3) = £3, then 2-7r(£3) ~ —2Kx, but ^(£3) is not a Cartier divisor. 

Put Z = tt(£ 3 + r(£ 3 )). Then Z 2K X and c(X, Z) = 1/3. We see that lct 2 (X) 2/3. 

Suppose that D ^ Z/2. To complete the proof, it is enough to show that fi > 2/3. 
Suppose that fi ^ 2/3. Let us derive a contradiction. It follows from (|4.5h that 

5 4 3 4 5 
ai s$ -, a 2 ^ -, a 3 ^ -, a 4 ^ -, a 5 ^ -. 

6 3 2 3 6 

By Remark 12 .H without loss of generality we may assume that ^(£3) (£_ Supp(£*). Then 

1 - a 3 = £3 • D ^ 0, 

which implies that a 3 ^ 1. 
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Put Q = E 2 fl E 3 . By Lemma 14.61 we may assume that (|4.4p is not Kawamata log terminal 
at the point Q and is Kawamata log terminal outside of the point Q. Then 

2a 3 - a 2 - a 4 = D ■ E 3 ^ multg (p ■ E^j ^ - - a 2 > - - a 2 

by Lemma 12.31 which implies that a 3 > 9/8 by (|4.5p . But 03 ^ 1. □ 
Lemma 4.11. Suppose that m = 6. Then there exists a unique curve Z £ | — 2i^x| such that 

= lct 2 (X) = | 

and either D = Z/2 01 n > 2/3. 

Proof. Let a: X X be a contraction of the curves C, -E5, £7 4 and -E3. Then 

q(^i) • a(^i) = a(E 2 ) ■ a(E 2 ) = -1, 

and X is a smooth del Pezzo surface such that -ftT^ = 6, which implies that there is a smooth 

irreducible rational curve Z 2 on the surface X such that Z 2 • a(E 2 ) = 1 and Z 2 • Z 2 = — 1. 
Let Z 2 be the proper transform of the curve Z 2 on the surface X. Then Z 2 • Z 2 = — 1 and 

— K x ■ L 2 = E 2 ■ Z 2 = 1, 

which implies that E\ ■ L 2 = E 3 ■ L 2 = E4 ■ Z 2 = E5 ■ L 2 = Eq ■ L 2 = C ■ L 2 = 0. 
Let j3: X — > X be a contraction of the curves Z 2 , C, Eq, E§ and E4. Then 

P(E 2 ) ■/3(E 2 ) =P[E 3 ) -p(E 3 ) =-1, 

and X is a smooth del Pezzo surface such that K% = 6, which implies that there are irreducible 
smooth rational curves Z3 and L' 2 on the surface X such that 

L 3 -/3(E 3 )=L' 2 -P(E 2 )=1 

and L 3 ■ L 3 = L' 2 ■ L' 2 = —1. Let Z3 and L' 2 be the proper transforms of the curves L 3 and L' 2 on 
the surface X, respectively. Then Z3 • L 3 = L' 2 • L' 2 = — 1 and 

—K x ■ L 3 = —K x ■ L 2 = E 3 ■ L 3 = E 2 ■ L' 2 = 1, 

which implies that C ■ L 3 = C ■ L' 2 = 0, and E{-L 3 = Ej ■ L' 2 = for every i 7^ 3 and j 7^ 2, 
Put Z 4 = r[L 3 ), Z 5 = r(Z 2 ), L' 5 = t(L' 2 ). Then C ■ Z 4 = C ■ Z 5 = C ■ L' 5 = and 

"i^x • Z 4 = — K x ■ Z 5 = —K x ■ Z' 5 = £4 • Z 4 = E 5 ■ Z 5 = E 5 ■ Z' 5 = 1, 

which implies that Ei ■ Z5 = Ei ■ L' 5 = Ej • L4 = for every i 7^ 5 and j ^ 4. 

Put L 3 = 7r(Z 3 ), ^4 = 7r(Z 4 ), ^2 = vr(Z 2 ), L' 2 = tt(Z' 2 ), L 5 = vr(Z 5 ), L' 5 = 7r(Z' 5 ). Then 

L 3 + L4 ~ L 2 + L5 ~ L' 2 + L 5 ~ — 2i^x, 

and c(X, L 3 + L4) = 1/3, which implies that lct 2 (X) ^ 2/3. 
Note that c(X, L 2 + L 5 ) = c(X, L' 2 + L' 5 ) = 1/2. 

Suppose that D ^ (L 3 + L^)j1. To complete the proof, it is enough to show that fi > 2/3. 
Suppose that fi ^ 2/3. Let us derive a contradiction. 

It follows from (@3D that a-y ^ 6/7, a 2 ^ 10/7, a 3 ^ 12/7, a 4 ^ 12/7, a 5 ^ 10/7, a 6 ^ 6/7. 
By Remark 12.11 without loss of generality we may assume that L4 (£_ Supp(D). Then 

1 - a 4 = Z 3 • D ^ 0, 

which gives us a 4 ^ 1. Similarly, we may assume that either Z 2 ^ Supp(i^) or Z5 ^ Supp(L>), 
which implies that either a 2 ^ 1 or 05 ^ 1, respectively. 
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Let us show that L 2 + L 2 + L3 ~ —3Kx- We can easily see that 



L 2 ~c 


,7T*(L 2 ) 




-yE 2 


- ^£"3 - 


5 £4 - 






Z' 2 ~ c 


)vr*(L 2 ) 


>- 


—E 2 


- ^^3 - 


?«.- 






Z 3 


)vr*(L 3 ) 


-7*- 


|- 


- ^^3 - 


? £4 - 







which implies that L 2 + L 2 + L3 ~q — 3-RTx, since Pic(X) = and 

L 2 - L 2 — -, L 2 ■ L 2 — -, L 3 ■ L 3 — -, ^ 2 • L, 3 — -, L 2 ■ L 3 — -, L 2 ■ L 2 — — , 

but L 2 + L 2 + L3 is a Cartier divisor, which implies that L 2 + L 2 + L3 ~ — 3i£x- 

Since c(X, L 2 + L 2 + L3) = 1/4, we may assume that Supp(-D) does not contain at least one 

curve among L 2 , L' 2 and L 3 by Remark 12 .1\ which implies that either a 2 ^ 1 or 03 ^ 1. 

It follows from (|4.5p and 04 ^ 2 that [Xdi < 1 for every i. By Lemma 14.61 there exists a point 



Q e ji?2 n £ 3 , £3 n £? 4 , E 4 n £ 5 }, 



such that (|4.4p is not Kawamata log terminal at the point Q € X, but it is Kawamata log terminal 
elsewhere. Take k E {2, 3,4} such that Q = E k n E k+ \. It follows from Lemma 12.31 that 

' / - \ 1 3 

2a fc - a fc _i - a k+ i = D ■ E k ^ multg ^ • E k J > a fc+i > - - a fc+ i, 

2a fc+ i - a fc - a fc+2 = 5 • E k+ i ^ multQ^-D • E k +ij > a k ^ - - a k , 

which is impossible by f|4. 5[> . since 04 ^ 1, and either a 2 ^ 1 or 03 ^ 1. □ 

Lemma 4.12. Suppose that m = 7. Then the following conditions are equivalent: 

• the curve R is irreducible, 

• the surface X contains an irreducible curve Z4 such that Z4 • Z4 = —1 and Z4 • E4 = 1. 

• the surface X contains an irreducible curve Z4 such that Z4 • Z4 = — 1, Z4 ■ E4 = 1 and 

w o Tt(Li) C Supp(-R). 

Proof. Suppose that X has an irreducible curve Z4 such that Z4 • Z4 = —1 and Z4 • £4 = 1. Then 

13 3 1 

L4 ~q 7T* (L4) — — E 2 — -E3 — 2E4 — -E5 — Eq — -^Ej, 

where L4 = tt(L4). Then r(Li) = Z4 and U)(Li) C Supp(i?), because 

-1+Z 4 -t(Z 4 ) = Z4^Z 4 +r(Z 4 )) = L 4 -(tv*(-2K x )-E 1 -2E 2 -3E 3 -4E4-3E 5 -2E 6 -E 7 ] =-2. 

Suppose now that the curve R is reducible. Let us show that the surface X contains an irre- 
ducible curve Z4 such that Z4 • Z4 = — 1 and Z4 • E4 = 1. 

Let rj : X — > X' be a contraction of the curve C. Then there is a commutative diagram 
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where tt' is a minimal resolution, <f> is an anticanonical embedding, ip is a projection from 4>ou)(P), 
and a;' is a double cover branched at ip o Note that X' is a del Pezzo surface and Kj^, = 2. 

The morphism 7r' contracts the smooth curves rj(E 2 ), r](E 3 ), rj^E^), rj(E^) and t](Eq). But 

r,(E 2 ) GSing(X'), 

and X' has a singularity of type A5 at the point 77(^2) - Put P' = r)(E 2 )- 
Put R' = ip o (p(R). Then i?' is reducible, since R is reducible. 
Since Sing(P(l, 1, 2)) £ R, one of the following cases hold: 

• either 4>{R) is a union of a smooth conic and an irreducible quartic, 

• or the curve 4>(R) is a union of three different smooth conies. 

The case when the curve (ft(R) consists of a union of three different smooth conies is impossible, 
since the surface X' has a singularity of type A5 at the point P' = Sing(X'). 

We see that the curve 4>(R) is a union of a smooth conic and an irreducible quartic curve, 
which easily implies that R' is a union of a line L and an irreducible cubic curve Z. Then 

mult w /(p/) [L ■ Zj = 3, 

because X' has a singularity of type A5 at the point P'. Then X contains a curve Z4 such that 

ui 1 o n' o 77(^4) = L, 

and L4 is irreducible. Then Z4 • Z4 = — 1 and Z4 • £4 = 1. □ 

The proof of Lemma 14.121 can be simplified using the results obtained in \31\ Section 2]. 

Lemma 4.13. Suppose that m = 7 and R is irreducible. Then fj, lct3(X) = 3/5. 

Proof. Arguing as in the proofs of Lemmas 14.101 and 14.111 we see that there is an irreducible 
smooth rational curve Z2 on the surface X such that Z2 ■ L 2 = — 1 and 

—K x ■ L 2 = E 2 ■ L 2 = 1, 

which implies that E\ ■ L 2 = E3 ■ L 2 = £4 ■ L 2 = E$ ■ L 2 = Eq ■ L 2 = Ej ■ L 2 = C ■ L 2 = 0. 
Put Z5 = t(L 2 ). Then Z5 • Z5 = — 1 and — K x ■ Z5 = E$ ■ Z5 = 1, which implies that 

Ei ■ L§ = E 2 ■ L5 = E% ■ L5 = E4 ■ L5 = Eq • L5 = Ej ■ L5 = C ■ L5 = 0. 

Since the branch curve R is reducible by Lemma 14,12} one can show that there exists an ir- 
reducible smooth rational curve Z3 on the surface X such that Z3 • Z3 = — 1 and 

—K x ■ L 3 = E 3 ■ L 3 = 1, 

which implies that E\ ■ Z3 = E 2 ■ Z3 = £4 ■ Z3 = £5 • Z3 = Eq ■ Z3 = Ej ■ Z3 = C ■ Z3 = 0. 
Put L 6 = r(Z 2 ), Z 5 = r(Z 3 ), L 2 = 7r(Z 2 ), L 3 = 7r(Z 4 ), L 5 = 7r(Z 5 ) and L 6 = 7r(Z 6 ). Then 

L 2 ~Q 7T*(L 2 ) — — -£2 — -£3 — £4 — -£ 5 — -£ 6 — -£7, 

Z 3 ~Q 7T*(L 3 ) - -£i - -£ 2 - y£ 3 ~ ~ g^ 5 ~~ 4^6 ~~ g^ 7 ' 

f w r v 3 3 9 3 15 5 5 

£5 ~Q tt (£5) - -Ei — -E 2 - -£ 3 — -£4 — —£5 — -E$ — -£7, 

Lq ~q 7r*(L 6 ) — -Ei — -E 2 — -E 3 — E4 — -E 5 — -E e — -E7, 

which implies that L 2 + 2L3 ~ —3Kx- Indeed, we have L 2 + 2L3 ~q —3Kx, since 

17 5 
L 2 ■ L 2 = -, L 3 • L 3 = -, L 2 ■ L 3 = -, 

and Pic(X) = Z 3 . But L2 + 2L3 is a Cartier divisor, which implies that L 2 + 2L3 ~ —3Kx- 
We have c(X,L 2 + 2L 3 ) = 3/15 and L 2 + 2L 3 ~ -3K X , which implies that lct 3 (X) 3/5. 



COMPUTING a-INVARIANTS OF SINGULAR DEL PEZZO SURFACES 23 

To complete the proof, it is enough to show that \i ^ 3/5. 
Suppose that fi < 3/5. Let us derive a contradiction. 

By Remark 12. 1( we may assume that the support of the divisor D does not contain at least 
one components of every curve Z 2 + Zg, Z 2 + 2Z3, Z3 + Z5. But 

D ■ Li = 1 - di, 

which implies that 04 ^ 1 if Z, <f_ Supp(Z>). Therefore, either (23 ^ 1 or a 2 ^ 1 and 05 ^ 1. 
If as ^ 1, then it follows from fj4.5j) that 

7 6 4 5 3 7 

a\ ^ -, a 2 ^ -, a 3 < 1, 04 < -, a 5 ^ -, a 6 ^ -, a 7 ^ -. 
o 00/0 



If a 2 ^ 1 and 05 ^ 1, then it follows from (|4.5p that 

7 3 4 6 7 

01 -, a 2 ^ 1, a 3 ^ -, a 4 ^ -, a 5 < 1, a 6 < -, a 7 ^ -. 

By Lemma 14.61 there exists k £ {2,3,4,5} such that (|4.4p is not Kawamata log terminal at 
the point E k D E k+ \ and is Kawamata log terminal outside of E k n -Efc+i- 
Put Q = E k D -Efc+i- Then it follows from Lemma 12.31 that 

f - \ 1 5 
2a fe - a fc _i - a fc+ i = D ■ E k ^ multQ • Efcj > a k +i > - - a k+1 , 

/ - \ 1 5 
2a fc+ i - a k - a k+2 = D ■ E k+1 ^ nrnlt Q ^D ■ E k+1 J > a k ^ - - a fc , 

which is impossible by (|4.5p . since we assume that either 03 ^ 1 or 02 ^ 1 and 05 ^ 1. □ 
Lemma 4.14. Suppose that m = 7 and R is reducible. Then fj, ^ lct 2 (X) = 1/2. 
Proof. By Lemma 14.121 the surface X contains an irreducible curve Z4 such that 

to o ir(Li) C Supp(i?) 
and — Z4 • Z4 = Z4 • E4 = 1. Then —K^ • Z4 = 1, which implies that 

E\ ■ L4. = E2 ■ £4 = -E3 ' L4. = £5 ' L4 = -£/6 " -^4 = • L4. = C ■ -L4 = 0. 

Put L4 = 7r(Z4). Then 2L4 ~ —2Kx and 

13 3 1 

L 4 ~q 7T* (L 4 ) - -Ei — E 2 — -E3 — 2E4 — -E 5 — E e — -£7, 

which implies that lct 2 (JT) ^ c(X, L4) = 1/2. 

To complete the proof, it is enough to show that [i ^ 1/2. 

Suppose that ^ < 1/2. Let us derive a contradiction. 

By Remark |2. 11 we may assume that L4 <£_ Supp(D). Then 

^ Z 4 • D = 1 - a 4 , 

which implies that 04 ^ 1. Thus, it follows from (|4.5p that 

7 3 5 5 3 7 

a\ ^ -, a 2 ^ -, a 3 < |, £*4 < 1, 05 ^ p «6 ^ ^' a? ^ g" 

It follows from Lemma 14.61 that there exists a point 

Qe[E 2 n E 3 , E 3 n E 4 , E 4 n £ 5 , £5 n £ 6 } 

such that LCS(X, fiD + ^Li Mcti^i) = Q- 

Without loss of generality, we may assume that either Q = E2 n E3 or Q = E3 n £4. 
If Q = £3 H -E4, then it follows from Lemma 12.31 that 

2d4 — 03 — 05 = D ■ £4 ^ multQ ^Z> • £4^ > 03 > 2 — 03, 
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which together with (14. 5p imply that 04 > 1, which is a contradiction. 
If Q = £ 2 H £3 , then it follows from Lemma 12.31 that 

2a 3 - a 2 - a 4 = £> • £3 ^ multq ^£» • £3^ > — - a 2 > 2 - a 2 , 

which together with ()4.5|) immediately leads to a contradiction. □ 
Lemma 4.15. Suppose that m = 8. Then ji ^ lcta(X) = 1/2. 

Proof. Arguing as in the proofs of Lemmas 14.101 and 14.111 we see that there is an irreducible 
smooth rational curve £3 on the surface X such that £3 • £3 = — 1 and 

-K x • £3 = £3 • £3 = 1, 

which implies that £1 • £3 = £ 2 • £3 = £4 • £3 = £5 • £3 = Eq ■ £3 = £7 • £3 = C ■ £3 = 0. 
Put Lq = t{L$). Then Lq ■ Lq = — 1 and — K x ■ Lq = Eq ■ Lq = 1, which implies that 

E\ ■ Lq = £ 2 • Lq = £3 • Lq = £4 • Lq = £5 • Lq = Ej ■ Lq = C ■ Lq = 0. 

Put £3 = ^(£3) and Lq = tt(Lq). Then 3£3 ~ 3£g ~ —3Kx- On the other hand, we have 

2 4 5 4 2 1 

£3 ~Q 7T* (£3) - g Ei — -£ 2 — 2£ 3 — -£ 4 — -£ 5 — Eq — -E 7 - -£ 8 , 

1 2 4 5 4 2 

Lq ~q 7t*(Lq) — -Ei — -£ 2 - £3 — -£4 — -£5 — 2£ 6 — -£7 - -£ 8 , 

which implies c(X,L 3 ) = c(X,£ 6 ) = 1/2. Then lct 3 (X) sC 1/2. 
To complete the proof, it is enough to show that fi ^ 1/2. 
Suppose that fj, < 1/2. Let us derive a contradiction. 

By Remark |2. 11 we may assume that Supp(£>) does not contain £3 and Lq. Then 

1 - a 3 = D ■ £ 3 ^ 0, 

which implies that 03 ^ 1. Similarly, we have qq ^ 1. Then it follows from (14. 5p that 




8 7 4 4 7 8 
a\ ^ a 2 ^ -, a 3 < 1, 04 < -,a 5 sC -, a 6 ^ 1, a 7 ^ -, a 8 ^ -. 

9 fa 3 3 fa 9 

By Lemma [4. 6 ( there exists k E {2, 3, 4, 5, 6} such that (I4.4D is not Kawamata log terminal at 
the point £& n E k+ i and is Kawamata log terminal outside of the point E k n £fc+i- 
Put Q = E k n £fc+i- Then it follows from Lemma 12.31 that 

a fc _i - a k+ i = D ■ E k ^z multg (£> • £ fc ) > - - a k+1 > - - a k+1 , 

- a k - a k+2 = D ■ E k+ i > multq ■ E k+ ^j > - - a k ^ ^ - a k , 

which is impossible by (|4.5p . since 03 ^ 1 and oq ^ 1. □ 
The assertion of Theorem 14.11 is proved. 

5. One non-cyclic singular point 

Let X be a sextic surface in P(l, 1, 2, 3) with canonical singularities such that |Sing(X)| = 1, 
and Sing(X) consists of a singular point of type B4, B5, B>q, B7, B 8 , Kq, E7 or Eg. 

Theorem 5.1. The following equality holds: 

' lct 2 (X) = 1/3 if P is a point of type B 8 , 
lct(X) = \ lct 2 (X) = 2/5 if P is a point of type B 7 , 
k lcti(x) in the remaining cases. 
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Corollary 5.2. The inequality lct(X) < 1/2 holds. 
In the rest of this section we will prove Theorem 15.11 

Let D be an effective Q-divisor on X such that D ~q —Kx- We must show that 

' lct 2 (X) = 1/3 if P is a point of type D 8 , 
c(X, D) ^ \ lct 2 (X) = 2/5 if P is a point of type B 7 , 
k lcti(X) in the remaining cases. 

to prove Theorem 15.11 Put /u = c(X, D). 

Suppose that fi < lcti(X). Then LCS(X, fj,D) = Sing(X) by Lemma[2j)J Put P = Sing(X). 

Let 7r : X — > X be a minimal resolution, let E±, E-z . . . , E m be irreducible 7r-exceptional curves, 
let C be the curve in | — Kx\ such that P E C, and let C be its proper transform on X. Then 

m 

C~q tt*(C) -^rnEi, 
i=i 

where rtj E N. Without loss of generality, we may assume that E% ■ Yli^3 Ei = 3- Then 

( 1/2 if P is of type B 4 , D 5 , D 6 , D 7 or D 8 , 
1/3 if Pis of type E 6 , 
1/4 if Pis of type E 7 , 
^ 1/6 if P is of type E 8 . 



lcti(X) =c(X,C) = — 



By Remark 12.11 we may assume that C (£_ Supp(D), since the curve C is irreducible. 
Let D be the proper transform of the divisor D on the surface X. Then 



i=i 



m 



where a% is a non-negative rational number. Then 

m 

K x + JD + diE^j ~q vr* + l*D 
i=l 

which implies that (X,fiD + Yl^i^i^i) * s n °t Kawamata log terminal (see Remark [2^ 
Lemma 5.3. The equality /la^ = 1 holds. 

Proof. The equality fia^ = 1 follows from Lemma 12.51 □ 
Lemma 5.4. Suppose that P is not a point of type Eg, E 7 or Eg. Then 

( lct 2 (X) = 1/3 if P is a point of type D 8 , 

1 lct 2 (X) = 2/5 if P is a point of type B 7 , 
and P is either a point of type B 7 or is a point of type D 8 . 
Proof. Without loss of generality, we may assume that the diagram 

E 1 E 3 E4, Em-i E m 
• • • • • • • • 
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shows how the ^-exceptional curves intersect each other. Then 

m— 1 

C ~ Q vr*(C7) -E x -E 2 -E m ~Y J 2E if 

i=3 

which implies that C ■ E m -\ = 1 and C ■ Ei = <^=> i ^ m — 1. Then 

( 1 - a m _! = D ■ C > 0, 
2ai - a 3 = £> • E x ^ 0, 
2a 2 - a 3 = 5 • £ 2 > 0, 
(5.5) < 2a 3 - at - a 2 - a 3 = D ■ E 3 ^ 0, 

2o m _i — a m -2 — a m = D ■ E m -\ ^ 0, 

x 2a m — a m -i = D • E" m ^ 0, 

which easily implies that a 3 ^ 2 if m ^ 6. But \ia 3 = 1 and fx < lcti(X) = 1/2 by Lemma 15.31 
which implies that either m = 7 or m = 8. 

Arguing as in the proofs of Lemmas 14.101 and 14.111 we may assume that there is an irreducible 
smooth rational curve L\ on the surface X such that L\ ■ L\ = —\ and 

—K x ■ L\ = Ex ■ L\ = 1, 

which implies that C ■ L\ = and Ei ■ L\ = i ^ 1. 

Let w: JT — » P(l, 1, 2) be the natural double cover given by | — 2Kx\, and let r be a biregu- 
lar involution of the surface X that is induced by oj. Put L 2 = t{L\). If m = 7, then 

i?2 • -^2 



-K x ■ L 2 



1 



and L 2 ■ L 2 = —1, which implies that C ■ L 2 = and Ei ■ L 2 = i ^1. 

Put Li = 7r(Zi) and L2 = ir(L 2 ). Then Li + L 2 ~ — 2i^x- If m = 7, then 

Li ~q vr*(Li) — — -E 2 — -E3 — 2E4 — -E5 — Eq — 2^7, 



5 7 5 
L 2 ~q vr*(L 2 ) — -Ei — -E 2 — -E3 



2E d 



2 



E& - ~E 7 , 



4 4 2 

which implies that c(X, L\ + L 2 ) = 1/5 and lct2(X) ^ 2/5. If m = 7, then 

, 5 

by (|5.5p . But //a 3 = 1 by Lemma 15.31 Then fi ^ 2/5 if m = 7, which is exactly what we need. 

We may assume that m = 8. Then L2 = ^i and 

3 5 3 1 

Li ~q 7r* (Li) — 2i?i — -E 2 — 3-E 3 — -E4 — 2E5 — -Eq — Ej — ^Eg, 

which implies that lct2(X) ^ c(X, L\) = 1/3. But a 3 ^ 1/3 by ()5.5|) and fj,a 3 = 1 by Lemma [5T3l 
which implies that \x ^ 1/3, which completes the proof since lct2(AT) ^ lct(X). □ 

To complete the proof of Theorem l5.ll we may assume that P is a point of type Eg, E7 or Eg. 
Without loss of generality, we may assume that the diagram 



.E2 



*E 3 



,E 5 



# £ 4 

shows how the 7r-exceptional curves intersect each other. It is well-known (cf. [29j[30j) that 
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• if m = 6, then C ■ E4 

• if m = 7, then C ■ E\ 

• if m = 8, then (7 • £7g 
Put k = 4 if m = 6, put A; 



(5.6) 



= 1, which implies that and C ■ E{ = 
= 1, which implies that and C ■ Ei = 
= 1, which implies that and C ■ Ei = 
= 1 if m = 7, put = 8 if m = 8. Then 
1 - a k = D ■ C ^ 0, 
2oi - a 3 = D • E 1 ^ 0, 
2a 2 - 03 - ai = • S 2 ^ 0, 
2a 3 — a,2 — 0,4 — 0,5 = D ■ E 3 ^ 0, 
2a 4 - a 3 = D ■ E A ^ 0, 
2a 5 - a 3 - a 6 = D ■ E 5 ^ 0, 



i^4, 
i / 8. 



2a m -l — a m _2 



D • £7, 



m—l 



> 0, 



2a m — a m _i — -D • E m ^ 0, 



which implies that a 3 < n 3 . But n 3 = l/lcti(X) and //a 3 = 1 by Lemma 
The assertion of Theorem 15.11 is proved. 



Then fj, ^ lcti(X). 



6. Many singular points 
Let X be a sextic surface in P(l, 1, 2, 3) with canonical singularities such that |Sing(X)| ^ 2. 
Theorem 6.1. The following equality holds: 

lct2(^f) = 1/2 if Sing(X) consists of a point of type A7 and a point of type Ai, 
Ict2(-X") = 2/3 if X has a singular point of type Ag, 
lct(X) = < lct2(^) = 2/3 if X has a singular point of type A5, 

lct2(^) = min(lcti (X) , 4/5) if X has a singular point of type A4, 
lcti(X) in the remaining cases, 
and if there exists an effective Q-divisor D on the surface X such that D ~q — Kx and 

c(X,D) =lct(X) = |, 

then either L> is an irreducible curve in | — Kx| with a cusp at a point in Sing(X) of type A2, 
or the divisor D is uniquely defined and it can be explicitly described. 

Let D be an arbitrary effective Q-divisor on the surface X such that 

D ~q —Kx, 

and put n = c(X, D). To prove Theorem 16.11 it is enough to show that 

lct 2 (X) = 1/2 if Sing(X) consists of a point of type A7 and a point of type Ai, 
= 2/3 if X has a singular point of type Ag, 
\i ^ < Ict2(-X") = 2/3 if X has a singular point of type A5, 

lct2(X) = min(lcti (X) , 4/5) if X has a singular point of type A4, 
lcti(X) in the remaining cases, 

and if [i = lct(X) = 2/3, then we have the following two possibilities: 

• either D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A2, 

• or the divisor D is uniquely defined and it can be explicitly described. 
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Lemma 6.2. If Sing(X) has a point of type B 4 , B 5 , B 6 , E 6 , E 7 or E 8 , then fi ^ lcti(X). 
Proof. Suppose that Sing(X) has a point of type B 4 , B5, B 6 , E 6 , E7 or Eg, but fi < lcti(X). Then 

LCS(X, fiD) C Sing(X) 

and hCS(X, )j,D) consists of a point in Sing(X) that is not of type Ai or A2 by Lemma 12.61 
If the locus LCS(X, fxD) is a singular point of the surface X of type B4, B5, B>q, Kq, E7 or Es, 

then arguing as in the proof of Theorem 15. 1| we immediately obtain a contradiction. 

By Remark ll,22[ the locus LCS(X, fj,D) must be a singular point of the surface X of type A3, 

and we can easily obtain a contradiction arguing as in the proof of Corollary 14.71 □ 

Lemma 6.3. Suppose that Sing(X) consists of points of type Ai, A2 or A3. Then \i ^ lcti(X). If 

/i = lcti(X) = -, 

then D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A2. 

Proof. This follows from Lemma 12.61 and the proof of Corollary 14.71 □ 

By Remark 11.221 and Lemmas 16.21 and 16.21 we may assume that 

A 7 + Ai,A 6 + Ai,A 5 + Ai,A 5 + Ai + Ai,A 5 + A 2 ,A 5 + A 2 + Ai, 
A 4 + A 4 , A 4 + A 3 , A 4 + A 2 + Ai, A 4 + A 2 , A 4 + A 4 + Ai, A 4 + A 4 , 



Sing(X) e 



which implies that there is a point P S Sing(X) that is a point of type A m for m € {4, 5, 6, 7}. 
Let 7r : X — > X be a minimal resolution, let Ex, E2, ■ ■ ■ , E m be 7r-exceptional curves such that 

Ei-Ej^O ^ \i-j\ ^ 1 

and Tr(Ei) = P for every i € {1, . . . , m}, let C be the unique curve in | — Kx\ such that P E C, 
and let C be the proper transform of the curve C on the surface X. Then 



C • E\ — C ■ E, n 



I, 



and C -_E 2 = C ■ E 3 = ■ ■ ■ = C ■ E m ^ = 0. Note that C ^ P 1 and C ■ C 
Let D be the proper transform of D on the surface X. Then 



-1. 



D 



TT*(D) 



y^^aiEj 



i=l 



where is a non-negative rational number. Then 

r 1 - a x - a m = D ■ C ^ 0, 



(6.4) 



2ai 



a-2 



D-Ex^0, 



Let T) : X 



2a m _i — a m -2 — a m — D ■ E m -x ^ 0, 

^ 2(2 m Q>m—1 — E) • E m ^ 0, 

X' be a contraction of the curve C. Then there is a commutative diagram 
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where oj and cj' are natural double covers ir' is a minimal resolution, <j) is an anticanonical 
embedding, and if) is a projection from (p o oj[P). Put P' = r/(P2). Then P' € Sing(A'). 

Remark 6.5. The birational morphism 7r' contracts the smooth curves r q{E2) ) r]{E^), . . . , 7/(P m _i), 
and n' o r] contracts all ^-exceptional curves that are different from the curves E\, E%, ■ ■ ■ , E m . 

Let R be the branch curve in P(l, 1, 2) of the double cover uj. Put R' = ip o (j)(R). 

Lemma 6.6. Suppose that m = 7. Then fi ^ lct2(A) = 1/2. 

Proof. Let a: X — > A be a contraction of the irreducible curves C, Ej, Eq, E$, P4, E3 and P2, 
and let F be the 7r-exceptional curve such that vr(P) is a point of type Ai. Then 

x^f(o f i eo P i (2)). 

Let L2 be the fiber of the projection X — > P 1 such that a(C) G L2, and let L2 be the proper 
transform of the curve L2 on the surface X via a. Then L2 ■ L2 = — 1 and 

—K-x • -^2 = P2 ■ L2 = F ■ L2 = 1, 

which implies that Ei ■ L2 = E3 ■ L2 = E^ ■ L2 = E§ ■ L2 = Eq ■ L2 = E-? ■ L2 = C ■ L2 = 0- 
Let /3: X -> I be a contraction of the curves L2, E2, C, E7, Eq, E$, E4. Then 

P(E 3 )-P[E 3 )=P(F)-P(F)=0, 

and J is a smooth del Pezzo surface such that K% = 8. Then X = P 1 xP . 

Let L4 be the curve in |/3(P)| such that /3(p4) € L4, and let L3 be its proper transform on 
the surface X via (3. Then one can easily check that L4 • L4 = — 1 and 

— Kx ' ^4 = 4 ' 4 = 

which implies that E\ ■ L4 = E2 ■ L4 = E3 ■ L4 = E§ ■ L4 = Eq ■ L4 = E7 ■ L4 = C ■ L4 = F ■ L4 = 0. 
Put L4 = 7r(L4). Then one can easily check that 

13 3 1 

L4 ~Q 7T* (L4) — -Pi — E2 — -P3 — 2P4 — -P5 — Eq — 2^7) 

which implies that c(X, L4) = 1/2. But 2L4 ~ — 2Kx, which implies that lct2(X) ^ 1/2. 
Arguing as in the proof of Lemma f4. 121 we see that w(I/4) C Supp(P). 

Arguing as in the proof of Lemma 14. 141 and using (|6.4|) . we see that \x ^ lct2(X) = 1/2. □ 

Lemma 6.7. Suppose that m = 6. Then /i ^ \ct2{X) = 2/3, and if [i = 2/3, then 

• either D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A2, 

• or the divisor D is uniquely defined and can be explicitly described. 

Proof. Let a: X — ^ X be a contraction of the curves (7, Eq, P5, P4, P3, P2. Then X is a smooth 
surface such that K\ = 7, and — Kx is nef. There is a birational morphism 7 : A — > X such that 

X = P^O P i © o P i (2)), 

and 7 is a blow down of a smooth irreducible rational curve that does not contain the point a(C). 

Let L2 be the fiber of the projection X — > P 1 such that joa(C) G L2, and let L2 be the proper 
transform of the curve L2 on the surface X via 70 a. Then L2 ■ L2 = — 1 and 

-K x ■ L 2 = E 2 ■ L 2 = 1, 

which implies that E\ ■ L2 = P3 • L2 = P4 • L2 = P5 • L2 = Eq ■ L2 = C ■ L2 = 0. 

Let (3 : X — >• A be a contraction of the curves L2; C, Eq, P5, P4, and let P be the 7r-exceptional 
curve such that 7r(P) is a point of type Ai. Then 

(3(E 2 ) ■ /3(P 2 ) = /3(P 3 ) • /3(P 3 ) = /3(P) • (3(F) = -1, 
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and X is a smooth del Pezzo surface such that K\ = 6. Thus, there exists an irreducible smooth 
rational curve Z3 on the surface X such that L 3 ■ L 3 = —1, Z3 • (3(E 3 ) = 1 and Z3 • /3(F) = 0. 
Let Z3 be the proper transform of the curve Z3 on the surface X. Then L 3 ■ L 3 = —1 and 

—K x ■ L 3 = E 3 ■ L 3 = 1, 

which implies that E\ ■ L 3 = E 2 ■ L 3 = E A ■ L 3 = E§ ■ L 3 = Eq ■ L 3 = C ■ L 3 = F ■ L 3 = 0. 
Put Z 4 = r(Z 3 ) and Z 5 = t(Z 2 ). Then C • Z 4 = ■ Z 5 = and 

—K x ■ L4 = — K x ■ L$ = £4 ■ L 4 = E5 ■ L5 = 1, 

which implies that Ei ■ Z5 = Ej • Z4 = for every i ^ 5 and jf ^ 4. 
Put L3 = vr(L3), L4 = 7r(Z 4 ), L 2 = tt(-^2) and L5 = 7r(Zs). Then 

£3 + £4 ~ L 2 + L5 ~ —2Kxi 

which implies that c(X,L 3 + L A ) = 1/3 and c(X,L 2 + L 5 ) = 1/2. Then lct 2 (X) sC 2/3. But 

£2 ~Q 7T (L 2 ) - -Ei - —E 2 - -E 3 - -E4 - -E 5 - -E e - -F, 

L 3 ~q ir* (L 3 ) - -Ei - -E% — —E 3 - -£4 - ~E 5 - -E 6 , 
which implies that c(X, 2L 2 + L 3 ) = 1/4. Then 2L 2 + L 3 ~q -3K x , since Pic(X) = 1? and 

L 2 ■ L 2 = -, L 3 ■ L 3 = -, L 2 ■ L 3 = -, 

but 2L 2 + L 3 is a Cartier divisor, which implies that 2L 2 + L 3 ~ — 3-fTjf • 

If D is not a curve in |— Kx\ and 7^ (L 3 +L A )/2, then arguing as in the proof of Lemma l4.1H 
we easily see that [/, > 2/3, since we can use (I6.4p . The lemma is proved (see Example II .27|> . □ 

Lemma 6.8. Suppose that m = 5. Then /i ^ lct 2 (X) = 2/3, and if = 2/3, then 

• either D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A 2 , 

• or the divisor D is uniquely defined and can be explicitly described. 

Proof. The curve R' has an ordinary tacnodal singularity at the point uj'(P'), which implies that 
there exists a line V C P 2 such that either V C Supp(-R') or V <f_ Supp(-R') and 

mult w /(p/) \ L' ■ R'^j = 4. 

There are irreducible smooth rational curves L' 3 and L 4 on the surface X' such that 

w'(4) =u/{L'i) =U 

and L 3 = L' 4 <^=^> V C Supp(-R'). Note that neither L 3 nor L' A contains a point in Sing(X')\i?'. 
Let L' 3 be the proper transform of the curve L' 3 on the surface X' . Then 

1' 3 n v (Ei) = L' 3 n r)[E 2 ) = L' 3 n n {E A ) = L' 3 n n [E h ) = 0, 

and L' 3 ■ r/(E 3 ) = 1. Let L4 be the proper transform of the curve L4 on the surface X' . Then 

l' A n v (Ei) = l' A n 7?(£ 2 ) = Z 4 n r?(E 4 ) = Z 4 n r](E 5 ) = 0, 

and Z 4 • r/(E 3 ) = 1. One can also check that Z 3 n Z4 = if L' 3 ^ Z 4 . 

Let Z3 and Z 4 be the proper transforms of the curves L' 3 and Z 4 on the surface X, respectively, 
and let us put L 3 = ir(L 3 ) and L 4 = 7r(Z 4 ). Then 

L 3 + L4 ~ —2K X 

and c(X, Z3 + Z4) = 1/3, which implies that lct 2 (X) ^ 2/3. 

If D 7^ (Z3 + L A )/2, then (I6.4p . the proof of Lemma [4. 101 and Lemma 12.61 imply that 

/ \ 2 
H > lct 2 (X) = -. 
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and if /i = 2/3, then D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A2. □ 
Lemma 6.9. Suppose that m = 4. Then 

/x ^ lct 2 (X) =min(lcti(X),4/5) ^ -, 
and if /z = 2/3, then D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A 2 . 
Proof. The point co'(P') is an ordinary cusp of the curve R' . Then there is a line L 1 C IP 2 such that 

mult w /(p/) ^L' • R'^j = 3. 

Let Z' be a curve in X' such that uj'(Z') = L' and —Kx> ■ Z' = 2. Then 

Z' n Sing(X') = Sing(Z') = R f , 

the Z' is irreducible curve that has an ordinary cusp at the point R' . 

Let Z' be the proper transform of the curve Z' on the surface X' . Then Z' is smooth and 

rj{E 2 ) n rj(E 3 ) € Z'. 

Let Z be the proper transform of the curve Z' on the surface X. Put Z = vr(Z). Then 

Z ~ vr* (Z) - ^1 - 2E 2 - 2E 3 - E 4 

and E 2 CiE 3 £ Z. Then c(X, Z) = 2/5, which implies that lct 2 (X) ^ 4/5. 

Arguing as in the proof of Lemma 14.81 and using Lemma 12.61 and (|6.4p , we see that 

H > lct 2 (X) = min(lcti(X),4/5) 

and if /u = 2/3, then D is a curve in | — Kx\ with a cusp at a point in Sing(X) of type A 2 . □ 

The assertion of Theorem 16.11 is proved. 
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